Abstract. Let X be a possibly non-reduced space of pure dimension. We introduce an essentially intrinsic pointwise Hermitian norm on smooth (0, * )-forms, in particular on holomorphic functions, on X. We prove that the space of holomorphic functions is complete with respect to the natural topology induced by this norm.
Introduction
Starting with papers by Pardon and Stern, [21, 22] , in the early 90s, a lot of research on the∂-equation on a reduced singular space has been conducted during the last decades, e.g., [14, 20, 23, 19, 15, 16, 5] and many others. In most of them estimates for solutions are discussed. A pointwise, essentially unique, norm of functions and forms on a reduced X is obtained via a local embedding of X in a smooth manifold U and a Hermitian norm on U .
Only quite recently there has been some work about analysis on non-reduced spaces. The celebrated Ohsawa-Takegoshi theorem has been generalized to encompass extensions from non-reduced subvarieties X of a manifold Y defined by certain multiplier sheaves, see, e.g., [12, 13] . In this case the L 2 -norm of a function (or form) φ on the subvariety is defined as a limit of L 2 -norms of an arbitrary extension of φ over small neighborhoods of X in Y . A pointwise, but not intrinsic, norm of holomorphic functions on a nonreduced X is used by Sznajdman in [25] , where he proved an analytically formulated local Briançon-Skoda-Huneke type theorem on a non-reduced X of pure dimension.
In this paper we introduce, given a non-reduced space X of pure dimension n, a pointwise Hermitian norm | · | X on O X such that |φ| 2 X is a smooth function on the underlying reduced space Z for any holomorphic φ. The norm is essentially canonical where Z is smooth whereas the extension across Z sing may depend on some choices.
By definition there is, locally, an embedding
where U ⊂ C N is an open subset. This means that we have an ordinary embedding j : Z → U and a coherent ideal sheaf J in U with zero set Z such that the structure sheaf O X , the sheaf of holomorphic functions on X, is isomorphic to O U /J . Thus we have a natural surjective mapping i * : O U → O X with kernel J . Recall that a holomorphic differential operator L in U is Noetherian with respect to J if LΦ = 0 on Z for Φ in J . It is well-known that locally one can find a finite set L 1 , . . . , L m of Noetherian operators such that L j Φ = 0 on Z if and only if Φ is in J . The analogous statement for a polynomial ideal is a keystone in the celebrated Fundamental principle due to Ehrenpreis and Palamodov, see, e.g., [17] . Each Noetherian operator with respect to J defines an intrinsic mapping L :
We say that L is a Noetherian operator on X. It follows that locally there are Noetherian operators L 0 , . . . , L m on X such that Given L j as in (1.3), following [25] let us consider
Clearly |φ| = 0 in a neighborhood of a point x if and only if φ = 0 there so (1.4) is a norm. However, it depends on the choice of L j . For instance, (1.3) still holds if L j are multiplied by any h in O Z that is generically nonvanishing on Z. The set of all Noetherian operators on X is a left O Z -module, but it is not locally finitely generated since each derivation along Z is Noetherian. Our main result is the construction of an intrinsic coherent O Z -sheaf N X of Noetherian operators on X where Z is smooth; see Theorem 4.1 below for the definition and precise statement. In particular, if L 0 , . . . , L m of local generators for N X , then (1.3) holds. Given such a set we define our norm | · | X by (1.4). Clearly two sets of generators give rise to equivalent norms.
At points where Z is smooth, and in addition O X is Cohen-Macaulay, one can represent O X as a free O Z -module in a non-canonical way: In fact, if we have local coordinates (z, w) such that Z = {w = 0}, then there are monomials 1, w α 1 , . . . , w α ν−1 such that each φ in O X has a unique representative 
(iii).
In Section 6 we prove that each point x ∈ Z sing has a neighborhood V in X such that N X | V∩Zreg admits a coherent extension to V. Unfortunately it is not clear whether these extensions coincide on overlaps, but by a partition of unity we can extend our norm to the entire space X.
In [4] sheaves E 0, * X of smooth (0, * )-forms and a∂-operator on X were recently introduced. The Noetherian operators extend to mappings E 0,q X → E 0,q Z and so our norm | · | X extends to (0, q)-forms on X. In particular, if φ is a smooth function on X, then |φ| 2 X is a smooth function on Z. One can thus discuss norm estimates for possible solutions to the∂-equation on X. However, in this paper we focus on the completeness of O X : Theorem 1.1. Assume that φ j is a sequence of holomorphic functions on X that is a Cauchy sequence on each compact subset with respect to the uniform norm induced by | · | X . Then there is a holomorphic function φ on X such that φ j → φ uniformly on compact subsets of X.
This statement is well-known, but non-trivial, in the reduced case, see, e.g., [17, Theorem 7.4.9] .
The plan of the paper is as follows. In Section 2 we discuss a simple example that illustrates the basic idea in the definition of N X where Z is smooth. The general construction of N X relies on an idea due to Björk, [11] , to construct Noetherian operators from so-called Coleff-Herrera currents. In Section 3 we recall the definition of such currents as well as some other basic facts that we need. The proof of Theorem 1.1 relies on some further residue theory that we recall in Sections 7 and 8. In the latter section we also provide a proof of Theorem 1.1 in case Z is smooth. For the general case we need a kind of resolution of X that is described in Section 9, and in Section 10 the proof of Theorem 1.1 is concluded.
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A basic example
Let us first consider the simplest example of a non-reduced space, the space X with underlying reduced space Z = {w = 0} ⊂ C 2 z,w defined by the ideal (w m+1 ). Each holomorphic function φ on X has a unique representativê
whereφ j are holomorphic on C z . Let us therefore tentatively define the pointwise norm
To see how (2.1) behaves under a change of coordinates, first notice that for k = 0, . . . , m we have Noetherian operators
where Φ is any representative in C 2 z,w of φ. In what follows we will write φ rather than Φ in this expression. Notice thatφ k (z) = L k φ(z). If we introduce new coordinates ζ b , η b such that w = η b , z = ζ b + bη b , where b is a constant, then the ideal is (η m+1 b ), so it is natural to consider the norm
we have that
Lemma 2.1. If we choose any distinct b 0 , · · · , b m , one of which may be 0, then the O Z -module generated by L b ℓ ,k , ℓ, k = 0, . . . , m, coincides with the O Z -module generated by
It follows from the well-known invertibility of a generic Vandermonde matrix that x k j can be expressed as linear combinations of L b ℓ ,k , ℓ = 0, . . . , k.
We define N X to be this O Z -module of Noetherian operators. In view of the second set of generators it is coordinate invariant. In follows from the proof that N X is in fact generated by L b ℓ ,k , 0 ≤ ℓ ≤ k ≤ m. We get the pointwise norm
Some preliminaries
In this section we gather definitions and known results that will be used in this paper.
3.1. Coleff-Herrera currents. Assume that j : Z → U ⊂ C N is an embedding of a reduced variety Z of pure dimension n. We say that a germ of a current µ in U of bidegree (N, N − n) is a Coleff-Herrera current with support on Z, µ ∈ CH Z U , if it is∂-closed, is annihilated byJ Z (i.e.,hµ = 0 for h in J Z ) and in addition has the standard extension property SEP. The latter condition can be defined in the following way: Let χ be any smooth function on the real axis that is 0 close to the origin and 1 in a neighborhood of ∞. Then µ has the SEP if for any holomorphic function h (or tuple h of holomorphic functions) whose zero set Z(h) has positive codimension on Z, χ(|h|/ǫ)µ → µ when ǫ → 0. The intuitive meaning is that µ does not carry any mass on the set Z ∩ Z(h). See, e.g., [1, Section 5] for a discussion.
Example 3.1 (Coleff-Herrera product). If f 1 , . . . , f N −n are holomorphic functions in U whose common zero set is Z, then the Coleff-Herrera product
∧ · · · ∧∂ 1 f 1 can be defined in various ways by suitable limit processes. Its annihilator is precisely the ideal J (f ) = (f 1 , . . . , f N −n ). Moreover, if A is a holomorphic N -form, then A∧∂(1/f ) is a Coleff-Herrera current.
The statements in Example 3.1 are due to Coleff-Herrera, Dickenstein-Sessa, and Passare in the 80's, whereas Proposition 3.2 is due to Björk, [11] . Proofs and further discussions and references can be found in [11] and [1, Sections 3 and 4] . Example 3.3. With the notation in Proposition 3.1, let Z ′ be the union of some irreducible components of Z and assume that µ ′ be in CH Z ′ U . Then clearly µ is in CH Z U and hence there is an a such that µ ′ = a∂(1/f ).
3.2.
Embeddings of a non-reduced space. Let i : X → U ⊂ C N be a local embedding of a non-reduced space of pure dimension n and consider the sheaf
, is known since long ago, see, e.g., [3, (1.6) ].
Given a point x on X there is a minimal numberN such that there is a local embedding j : X → U ′ ⊂ CN z in a neighborhood of x. Such a minimal embedding is unique up to biholomorphisms. Moreover, any embedding i : X → U ⊂ C N , factorizes so that, in a neighborhood of x,
, and the ideal in U is J =Ĵ ⊗ 1 + (w ′′ 1 , . . . , w ′′ m ). It follows from [4, Lemma 4] that the natural mapping
Here [w ′′ = 0] denotes the current of integration over {w ′′ = 0}.
Remark 3.4. The equivalence classes in (3.5) can be considered as elements of an in-
is an isomorphism. In case X is reduced, ω n X is the classical Barlet sheaf, [10] .
3.3. O X as an O Z -module. Let x ∈ X be a point where Z is smooth and let i : X → U be a local embedding with coordinates (z, w) in U so that Z = {w = 0}. Then there is a finite set of monomials 1, w α 1 , . . . , w α ν−1 such that each element φ in O X = O U /J has a representativeφ in O U of the form (1.5), whereφ j are in O Z . Given a minimal set of such monomials the representation (1.5) is unique if and only if O X is Cohen-Macaulay at x, see, e.g., [4, Proposition 3.1] . Notice however that even when O X is Cohen-Macaulay this representation of O X as a free O Z -module is not unique; it depends on the choice of coordinates (z, w), cf. Section 2, and in general also on the choice of minimal set of monomials w α j . Also (1.6) depends on these choices.
Local representation of certain currents. Consider an open subset
It is well-known, and follows immediately from the one-variable case, that if ξ(w) is any smooth function then
Assume that τ is a (N, N − n + k)-current in U with support on Z that is annihilated by allw j and dw ℓ . Then we have a (locally finite) unique representation
where τ α ∧dz are (n, k)-currents on Z. In fact,
cf. [4, (2.11) ]. Clearly∂τ = 0 if and only if∂τ α = 0 for all α. In particular, τ is a Coleff-Herrera current if and only if all τ α are holomorphic functions. We shall only consider τ such that τ α are smooth (0, * )-forms on Z. 
In case Φ is holomorphic, this is equivalent to that Φ ∈ J in view of the duality principle (3.3). We let E 0, *
be the sheaf of smooth (0, * )-forms on X. Thus we have a well-defined surjective mapping i * : Φ ∈ E 0, * U → E 0, * X . By a standard argument one can check that this definition is independent of the choice of embedding.
One can verify that where Z is smooth, Φ is in Ker i * if and only if it can be written as a finite sum of terms of the form (3.10)
where Φ j are smooth forms, Ψ 1 ∈ J and Ψ 2 , Ψ 3 ∈ J Z . If Z is smooth and we have local coordinates as in Section 3.3, then for each φ in E i : X → U ⊂ C N and that the underlying reduced space Z is smooth. As before X has pure dimension n and p = N − n. Let x be a point on Z and let π : U → Z be a holomorphic submersion onto Z in a small neighborhood V ⊂ U of x. By definition this means that there are local coordinates (z, w) at x such that w 1 , . . . , w p generates J Z and π(z, w) = z. Our sheaf N X of Noetherian operators is defined in the following result which is our first main theorem.
Theorem 4.1. Let X be a nonreduced space of pure dimension such that its underlying space Z is smooth. (i) Let (4.1) be an embedding and let π : U → Z be a local holomorphic submersion onto
and each non-vanishing holomorphic n-form dz there is a Noetherian operator L on X such that
in a neighborhood of a given point if and only if φ = 0 there.
(ii) If π ℓ is a suitable finite number of generic holomorphic submersions, then the associated O Z -modules N X,π ℓ together generate a coherent O Z -module N X such that N X,π ⊂ N X for any local submersion π.
(iii) Locally, where O X is Cohen-Macaulay, the resulting norm |φ| X , as defined in the introduction, is the smallest norm that dominates, up to constants, any expression (1.6).
In other words, all mappings of the form φ → π * (φµ) together form a coherent
X . The rest of this section will be devoted to the proof of this theorem.
Proof of Theorem 4.1 (i). Assume that we have coordinates
In view of Proposition 3.2, possibly after schrinking V, there is a holomorphic function a(z, w) such that
and since π * ξ is holomorphic in V, π * ξµ is in
For each µ and multiindex γ ≤ M , define L µ,γ by
is coherent and thus locally generated by a finite number of elements, say, µ 1 , . . . , µ ν . We can assume that M is chosen such that
In view of (4.8) and (4.9) we see that the O Z -module N X,π is locally generated by the finite set
It can thus be identified by the element 
Independent submersions.
We will now consider a generalization of the example in Section 2. Let us assume that U ⊂ C n z × C p w and consider the space X ′ with structure sheaf O Ω /I, where
. Notice that any local submersion π of U onto Z is biholomorphic to a trivial submersion (ζ, η) → ζ via the change of coordinates (4.10)
where b jk are holomorphic functions. We have
Let C m be the number of multiindices
Here is the main result of this section. 
We first consider the case when p = 1 and the tuples b ℓ · are constant. Then we just have one variable η = w. 
Proof. In view of (4.11) we have
We claim that the
then B is the Vandermonde matrix from Section 2, and so the claim follows. In the general case one can argue as follows: For given x α ∈ C Cm , consider the polynomial
We get the action of the matrix B on x α by evaluating p(t) at the various points b ℓ . Now B(x α ) = 0 means that p(t) vanishes at these C m generic points, and hence p(t) must vanish identically. This means that (x α ) = 0 and since (x α ) is arbitrary, B is invertible. Now the lemma follows by taking
Proof of Proposition 4.2. Let us first assume that all b l · are constant. Then ∂/∂η ℓ k only depends on ℓ k ∈ L, cf. (4.11), so we can denote it by ∂/∂η
Notice that we can write the left hand side of (4.12) (in a non-unique way) as
It follows from Lemma 4.3 that the proposition holds if p = 1. We now proceed by induction over p. Assume that (4.14) 
For the general case we will proceed by induction over M . First assume that M = 0. Then (4.12) just states that ψ = ψ. Let us assume that we have proved the proposition for each
where Bx is the terms obtained when expanding (∂/∂η ℓ ) γ ψ by (4.11) and no derivative. falls on any b ℓ or any O(w). Each entry in x ′ must then be of the form (4.16) where m < M and |β| < |M − m|. It follows from the induction hypothesis that x ′ is in the module spanned by y. Therefore Ex ′ = Dy for some holomorphic matrix D in a neighborhood of (0, 0) and hence Bx = Dy − y. Notice that B(0, 0) is injective in view of the constant case of the proposition. Hence it is injective and has a holomorphic left inverse A in a neighborhood of (0, 0) and so x = A(Dy − y).
Proof of Theorem 4.1 (ii).
Let us assume that π is defined by local coordinates (z, w) and for ℓ ∈ L p let (ζ ℓ , η) be the local coordinates in Proposition 4.2 corresponding to ∂/∂η ℓ and let π ℓ be the induced local holomorphic submersion. Notice that dw∧dz = B ℓ dη∧dζ ℓ , where
where A ℓ is the inverse of B ℓ . Notice that, cf. the argument for (4.5) above and (4.3),
From Proposition 4.2 we have that
Combining (4.18) with ψ = aφ, (4.19) and (4.20) we get
In view of the last part of the proof of Theorem 4.1 (i) we thus have:
We conclude that, given an embedding, N X defined so far, is independent of coordinates. It remains to see the independence of the embedding. Let us choose coordinates (z, w) in our original embedding so that our embedding factorizes over a minimal embedding as in Section 3.2 and write w = (w ′ , w ′′ ). Then each µ in Hom (O X , CH Z ) has the formμ ⊗ [w ′′ = 0]. Thus it can be written
It follows that if the submersion π is represented by (4.10), then the fiber over z = ζ is parametrized by
and so we get the same result with b ′ jk (ζ, η ′ , 0). Thus L, defined by dzLφ = π * (φµ), occurs already from a minimal embedding and so the proof of Theorem 4.1 (ii) is complete.
4.4.
Generators for N X and the norm | · | X . From Lemma 4.4 we get:
. . , η p generate J Z in U , and π ℓ is a suitable finite set of submersions, then the operators φ → L µ k ,γ,ℓ , defined as in Lemma 4.4, generate N X in U .
By the Nullstellensatz this is a finite set since η γ µ k = 0 if γ is large. Here dz stands for any holomorphic n-form on Z. We will now describe another set of generators in terms of the µ k and coordinates (z, w) in U . We thus have
It follows from (4.22) that
where C only depends on ξ ∈ O X . Notice that if in addition ξ is invertible in O X , then |φ| X ∼ |ξφ| X since |φ| X = |ξ −1 ξφ| X |ξφ| X .
Proof of Theorem 4.1 (iii).
Proposition 4.7. Let i : X → U be a local embedding i : X → U and assume that O X is Cohen-Macaulay. Let µ be a column of Coleff-Herrera currents that generate
Proof. Notice first that φµ = jφ j (z)w α j µ. Since 
An example
Consider the 2-plane Z = {w 1 = w 2 = 0} in U ⊂ C 4 z 1 ,z 2 ,w 1 ,w 2 , where U the product of balls {|z| < 1, |w| < 1} in C 4 , and let
Then O/J has pure dimension 2 and is Cohen-Macaulay except at the point 0 ∈ U , see, [4, Example 6.9] . It is also shown there that Hom O (O/J , CH Z U ) is generated by
Following the recipe in Proposition 4.6, µ 1 only gives rise to the Noetherian operator 1. However, µ 2 gives rise to all Noetherian operators obtained by the action of
In view of the presens of 1 from the µ 1 , we can forget about z j φ and replace 1 + z j 5.1. Functions in X \ {0}. Let L 0 = 1 and let L denote the right-most operator in (5.1). If φ is a O X -function defined in Z \ {0}, then both L 0 φ and Lφ are holomorphic functions in Z \ {0}. Thus they both have holomorphic extensions across 0 that we denote by φ 0 (z) and h(z), respectively. Notice that 1, w 1 is a basis for O X over O Z where z 1 = 0, and similarly, 1, w 2 is a basis for O X over O Z where z 2 = 0. Notice that given any φ 0 and h in U we get a O X -function φ in U \ {0}, defined as
It is readily checked that Lφ = φ 0 and Lφ = h. In other words, there is a 1 − 1 correspondence between X -functions φ in Z \ {0} and O 2 Z . Lemma 5. In view of this lemma, if we take, e.g., h = 1 in (5.2), we get an O X -function φ in U \ {0} that does not extend across 0.
Extension of N X across Z sing
Let x be a fixed point on Z sing . Lemma 6.1. There is a neighborhood U of x and complete intersection Z f = {f 1 = · · · = f p = 0} in U that contains Z ∩ U and such that df := df 1 ∧ . . . ∧df p is non-vanishing on
That is, Z(f ) may have "unnecessary" irreducible components, but df = 0 at each point on Z reg that is not hit by any of these components. This is a well-known result but we have found no good reference so we provide an argument.
Proof. In a small enough neighborhood U of x we can find a finite number of functions g 1 , . . . , g m that generate J Z . For each irreducible component Z ℓ of Z we choose a point x ℓ ∈ Z ℓ reg ∩ U . Notice that dg j span the annihilator of the tangent bundle at x ℓ for each ℓ. If f 1 , · · · , f p are generic linear combinations of the g j , then df j span these spaces as well for each ℓ, and f j define a complete intersection Z(f ) that avoids x ′ . Clearly Z ⊂ Z(f ) and df = 0 at x ℓ for each ℓ. It follows from [18, Theorem 4.3.6] that df is nonvanishing on the regular part of the irreducible component of Z(f ) that contain x ℓ ; i.e., on Z ℓ reg \ Z(f ) sing , for each ℓ. Let f and U be as in the lemma and let us write Z rather than Z ∩ U etc. Since df is generically non-vanishing on Z we can choose coordinates (ζ, η) = (ζ 1 , · · · , ζ n ; η 1 · · · , η p ) in U such that H = ∂f /∂η is generically invertible on Z. Let h = det H. If (6.1) w = f (ζ, η), z = ζ, then dw∧dz = hdη∧dζ and hence (z, w) are local coordinates at each point on Z\{h = 0}. Notice that
where G = ∂f /∂ζ is holomorphic. Since H = Θ/h, where Θ is holomorphic, therefore
For a sufficiently large multiindex M = (M 1 , . . . , M p ) the complete intersection ideal
is contained in J . Possibly after shrinking the neighborhood U of x there are generators µ 1 , . . . , µ ν for Hom (O X , CH Z U ) and holomorphic functions a k in U , cf. Proposition 3.2, such that
Notice that a k must vanish on the "unnecessary" irreducible components of Z(f ). Proposition 6.2. With the notation above, the differential operators
a priori defined on Z reg ∩ {h = 0}, have holomorphic extensions to Z. Moreover, they belong to N X on Z reg and generate the O Z -module N X where h = 0.
Proof. It follows immediately from (6.3) that L m,β,k have holomorphic extensions to Z. Since (z, w) are local coordinates at a point on Z reg where h = 0 it follows from Proposition 4.6 that L m,β,k belong to N X . By a simple induction argument it follows from the same proposition that they actually generate N X there. We have to prove that L m,β,k are in N X on Z reg where h = 0. Let x ′ ∈ X reg be such a point and assume that df = 0. For a generic choice of constant matrices b, c we have that df ∧d(cζ + bη) = 0. Thus we can choose new coordinates
so from (6.3) we get that
where d jk , d ′ jk have holomorphic extensions to V. Thus L m,β,k are O Z -linear combinations of (6.6), and hence in N X .
From now on we consider a point x ′ ∈ Z reg where df = 0, i.e., some "unneccessary" component of Z(f ) passes through x ′ . Then certainly h(x ′ ) = 0. Let π be the projection (z, w) → z. By (6.1), (6.4), and (4.5), . . . , v p ) generate J Z at x ′ and assume first that dv∧dz = 0 so that (z, v)) are local coordinates in a neighborhood V of x ′ . Since J (f ) ⊂ J Z , f = Av for a holomorphic matrix A in V. At points z ∈ Z ∩ V \ {h = 0} both f j and v j are minimal sets of generators for J Z so A is invertible there. Therefore also (z, v) define the submersion π in V \ {h = 0}. Since f M −γ df ∧dz = αdη∧dζ, where α is holomorphic, the right hand side of (6.8) is π * (φαµ k ) which is dζ times an element in N X in V. It follows that the left hand side of (6.8) is dζ times Lφ, where L extends to an element in N X in V.
Notice that if b ℓ is a small constant n × p-matrix, then η ′ = η, ζ ′ = ζ + b ℓ f is a change of variables in V, possibly after shrinking our neighborhood V of x ′ . In fact,
we get that w ℓ = w, z ℓ = z + b ℓ w, and hence
where h is the same function as in (6.7). As in the the preceding step of the proof we conclude that 
It follows that all the operators on the left hand side of (6.9) are in N X in V.
Finally, if dv∧dζ = 0 at x ′ we introduce new coordinates z ′ = cζ + bη, w ′ = w as before so that dv∧dz ′ = 0. From what we have just proved, then all
are holomorphic at x ′ . It now follows from (6.7) that L m,β,k are in N X at x ′ . Thus Proposition 6.2 is proved.
We can now formulate our main result of this section.
Theorem 6.3. Assume that i : X → U ⊂ C N is an embedding. Given a point x ∈ Z sing there is a neighborhood U ′ ⊂ U and a finite number of Noetherian differential operators
Clearly, such a set of L k define a coherent extension of N X to U ′ ∩ Z.
Proof. Let (ζ, η) be global coordinates (ζ, η) in U . Proposition 6.2 provides a neighborhood U ′ of x and set of Noetherian differential operators in U ′ that belong to N X in U ∩ Z reg and generate N X on U ∩ (Z reg \ {h = 0}, where h = det(∂f /∂η). Applying the same proposition to a finite number of other global coordinate systems (or more simply, letting η be other choices of p special coordinates among the given ones) we get a finite number of Noetherian differential operators in a possibly smaller neighborhood U ′ of x that belong to N X and generate N X U ′ ∩ (Z reg \ {df = 0}. That is, our differential operators defined so far generate N X everywhere on Z reg ∩ U ′ except on Z reg ∩ Z(f ) sing . If we make the same construction for a finite number f 1 , . . . , f ν of complete intersections such that Z = Z(f 1 ) ∩ · · · ∩ Z(f ν ), see Lemma 6.1, we thus get a neighborhood U ′ of x and finite set of differential operators as desired. 
They generate the same O Z -module as 1, ∂/∂ζ k , k = 1, . . . , n + 1, and by obvious invariance they thus generate N X on Z reg , so there is no need to consider operators obtained by other choices of η. Moreover, the coherent extension across Z sing is independent of the choice of global coordinates ζ in U .
6.1. Global pointwise norm on X. In Example 6.4 the extension of N X across Z sing is invariant. We do not know whether this is true in general. In any case we can define a global pointwise norm in the following way: Each point x ∈ Z sing has a neighborhood U x where we have a coherent extension by Theorem 6.3 and in U x we thus have a pointwise norm | · | X,x . We can choose a locally finite open covering {U x j } of X, and a partition of unity χ j partition of unity subordinate to the covering and define the global norm
Pseudomeromorphic currents
Let Y be a reduced analytic space. The O Y -sheaf PM Y of pseudomeromorphic currents on Y was introduced in [7, 5] . Roughly speaking, it consists of currents that locally are finite sums of direct images (under possibly nonproper mappings) of products of simple principal value currents and∂ of such currents. See, e.g., [9] for a precise definition and basic properties. The sheaf PM Y is closed under∂ and under multiplication by smooth forms. If τ is pseudomeromorphic in an open subset U ⊂ Y and W ⊂ U is a subvariety then there is a well-defined current 1 U \W τ in U obtained by extending the natural restriction of τ to U \ W in the trivial way. With the notation in Section 3.1, 1 U \W τ = lim ǫ χ(|h|/ǫ)τ if h is a tuple of holomorphic functions with common zero set W . Thus 1 W τ := τ − 1 U \W τ is a pseudomeromorphic current with support on W . If W ′ ⊂ U is another subvariety, then
We can rephrase the standard extension property, cf. Section 3.1: If τ has support on a subvariety Z of pure dimension, then τ has the SEP with respect to Z if for each open subset U ⊂ Y and subvariety W ⊂ U ∩ Z with positive codimension in Z,
An important property is the dimension principle: If τ in PM Y has bidegree ( * , p) and support on a variety of codimension larger than p, then τ must vanish.
Recall that a current is semi-meromorphic if it is a smooth form times a meromorphic function, considered as a principal value current. We say that a current α in U ⊂ C N is almost semi-meromorphic, cf. [9] , if there is a modification π :Ũ → U and a semimeromorphic currentα inŨ such that α = π * α . Notice that an almost semi-meromorphic α is smooth outside an analytic set W of positive codimension in U .
Example 7.1. Coleff-Herrera currents in U ⊂ C N are pseudomeromorphic. Almost semimeromorphic currents are pseudomeromorphic and has the SEP on U .
In general one cannot multiply pseudomeromorphic currents. However, assume that τ is pseudomeromorphic and α is almost semi-meromorphic in U and let W be the analytic set where α is not smooth. There is a unique pseudomeromorphic current T in U that coincides with the natural product α∧µ in U \ W and such that 1 W T = 0. For simplicity we denote this current by α∧µ. If α ′ is another almost semi-meromorphic current in U , then the expression α ′ ∧α∧τ means α ′ ∧(α∧τ ). The equality, [9, Propostition 4.12] , that
always holds. However, in general it is not true that α ′ ∧α∧τ = (α ′ ∧α)∧τ .
Example 7.2. Let f be a holomorphic function with non-empty zero set, let α = 1/f , α ′ = f , and let τ =∂/1/f ) (or any nonzero current with support contained in Z(f )). Then both sides of (7.2) vanishes, but α ′ α = 1 and so (α ′ α)τ = τ .
Assume that τ is pseudomeromorphic, α is almost semi-meromorphic, ξ is smooth, and V is any subvariety. Then we have
In particular: If τ has support on and the SEP with respect to Z, then also α∧τ has (support on and) the SEP with respect to Z.
Uniform limits of holomorphic functions
Let J be the ideal sheaf in U ⊂ C N so that O X = O U /J as before. Let E k be Hermitian vector bundles, E 0 a trivial line bundle, with morphisms f k :
is a free resolution of O Ω /J in U . In [6] was introduced a residue current R = R p + · · · + R N with support on Z, where R k have bidegree (0, k) and take values in Hom (E 0 , E k ) ≃ E k , such that f k+1 R k+1 −∂R k = 0 for each k, which can be written more compactly as
The current R has the additional property that a holomorphic function Φ in U belongs to J if and only if the current ΦR = 0. In particular, φR is a well-defined current for φ in O X . The assumption that X has pure dimension implies that R has the SEP with respect to Z, see [5, Section 3] or [4, Section 6] for a proof.
Recall that φ is a meromorphic function on X if φ = g/h where h is not nilpotent, i.e., a representative of h does not vanish identically on Z, and
Because of the SEP the product φR is a well-defined pseudomeromorphic current in U if φ is meromorphic on X. The following criterion for holomorphicity was proved in [2] . Theorem 8.1. Assume that i : X → U has pure dimension and R is a current as above. If φ is meromorphic on X, then it is holomorphic if and only if
is introduced a notion of currents on X so that (8.2) can be formulated as an intrinsic condition on X.
To give the idea for the general case let us first sketch a proof of Theorem 1.1, relying on Theorem 8.1, in case X is reduced.
Proof of Theorem 1.1 in case X is reduced. The statement is elementary on X reg ; moreover it is clear that φ j → φ where φ is weakly holomorphic and thus meromorphic on X.
There is a (unique) almost semi-meromorphic current ω on X of bidegree (n, * ) such that i * ω = R∧dz, where (z 1 , . . . , z N ) are coordinates in U , see [5, Proposition 3.3] . In particular, ω has the SEP on X. Let π : X ′ → X be a smooth modification so that ω = π * ω ′ , where ω ′ is semi-meromorphic.
Since π * φ j → π * φ uniformly and X ′ is smooth, indeed
Since ω ′ has the SEP, so have π * φω ′ and hence π * (π * φω ′ ). Moreover,
on the open subset of X where φ is holomorphic, thus at least on X reg . Since both sides of (8.4) have the SEP and coincide outside a set of positive codimension we conclude that they indeed coincide on X. Therefore (8.3) means that φ j ω → φω and applying i * we get φ j R → φR and hence (f −∂)(φ j R) → (f −∂)(φR). It now follows from Theorem 8.1 that φ is indeed holomorphic.
For the rest of this section we will discuss the proof of the non-reduced case when Z is smooth. We cannot see how the argument in Example 8.4 can be extended directly, so we have to go back to the origins of our L j which are the currents.
Proof of Theorem 1.1 when Z is smooth. The statement is local so we can fix a point x ∈ X and an embedding i : X → U as usual. After possibly shrinking U we may assume that we have a a Hermitian free resolution (8.1) and the associated residue current R in U . We will use, [4, Lemma 6.2]: Proposition 8.5. There is a trivial vector bundle F → U and an F -valued ColeffHerrera current µ such that its entries generate Hom (O X , CH Z U ), and an almost semimeromorphic current α = α 0 + · · · + α n , where α k have bidegree (0, k) and take values in Hom (F, E p+k ), such that
Moreover, α is smooth where O X is Cohen-Macaulay.
Let W be the subset of Z where O X is not Cohen-Macaulay. It is well-known that W has at least codimension 2 in Z.
Lemma 8.6. If φ is holomorphic in X \ W , then φ has a meromorphic extension to X.
It seems that this result should be well-known but we provide a proof since we could not find a reference.
Proof. We can assume that we have coordinates (z, w) as usual in U . Let µ be the tuple above and consider the representation (4.26). Fix a x ′ ∈ Z where O X is Cohen-Macaulay and a monomial basis 1, . . . , w α ν−1 for O X over O Z in a neighborhood U ′ of x ′ . We then have the M × ν-matrix T in U ′ that for each holomorphic φ in O(X ∩ U ′ ) maps the coefficients of its representativeφ in this monomial basis onto the coefficients of the expansion (4.24) of φµ, cf. Section 4.5.
Notice that the entries in T are C-linear combinations of the coefficients of the representation (4.26) of µ in U . Thus T has a holomorphic extension to Z (we may assume that Z is connected). As pointed out in Section 4.5, T is pointwise injective in Z ∩ U ′ and hence, possible after reordering of the rows, T = (T ′ T ′′ ) t where T ′ is a ν × ν-matrix that is invertible in U ′ . Thus T ′ has a meromorphic inverse S ′ in Z and if S = (S ′ 0), then ST = I.
Since φ is holomorphic outside W , it defines a tuple b in O M Z in Z \ W via the representation (4.24) of φµ. Since W has at least codimension 2 the tuple b extends to
is a meromorphic function in U that defines a meromorphic functionφ on X, since (Sb) j (z) are meromorphic on Z. Moreover,Φ =φ in U ′ and soφ coincides with φ in X ∩ U ′ . By uniquenessφ = φ in U \ W and thusφ is the desired meromorphic extension.
If φ j is a Cauchy sequence in | · | X -norm and Z is smooth thus φ j → φ uniformly on compact subsets of X \ W by Lemma 8.3 and φ has a meromorphic extension to X by Lemma 8.6. Lemma 8.7. With this notation φ j R → φR.
Proof. Choose a multiindex M such that I := w M +1 ⊂ J . As before let a be an F -valued holomorphic function in U such that µ = aμ, cf. (4.3). Recall that
where
It follows from the hypothesis and (8.5) that ψ j is a Cauchy sequence with respect to | · | X ′ . Since O X ′ is Cohen-Macaulay it follows from the proof of Lemma 8.3 that there is ψ in O X ′ and representativesψ j andψ in U such thatψ j →ψ in E(U ). Let Φ j be representatives of φ j in U . By Proposition 8.5 and (7.2) we have
where the fifth equality holds since both Φ j and a are holomorphic, and the last equality holds since both Φ j a andψ j are representatives in U of the class ψ j in O X ′ . Sincê ψ j →ψ in E(U ), αψ jμ → αψμ = αψμ. By (8.6) thus
Let Φ be a representative in U of φ. Since Φ, α and a are almost semi-meromorphic in U , by (7.2),
We claim that (8.9) αΦaμ = α(Φa)μ.
In fact, both Φ and α are almost semi-meromorphic in U and smooth in a neighborhood of each point on Z where O X is Cohen-Macaulay, cf. Lemma 8.3 and Proposition 8.5. Therefore (8.9) holds in U \ W , where W ⊂ Z has positive codimension in Z. Both sides of (8.9) have the SEP with respect to Z, see Section 7, so (8.9) holds everywhere. The right hand side of (8.9) is equal to αψμ, and so Lemma 8.7 follows from (8.7), (8.8) , and (8.9).
Since φ j are holomorphic, we have by Theorem 8.1 and Lemma 8.7 that 0 = ∇ f (φ j R) → ∇ f (φR), and hence φ is holomorphic in view of Theorem 8.1. Now take L in N X . By the hypothesis and definition of | · | X , Lφ j is a holomorphic Cauchy sequence so it converges to a holomorphic limit H. On the other hand we know that Lφ j → Lφ where O X is Cohen-Macaulay. Thus Lφ j → Lφ uniformly. We conclude that |φ j − φ| X → 0 uniformly. Thus Theorem 1.1 is proved when Z is smooth.
Resolution of X
Assume that our X of pure dimension n is embedded in the smooth manifold Y of dimension N as before, and let Z denote the underlying reduced space. There exists a modification π : Y ′ → Y that is a biholomorphism Y ′ \ π −1 Z sing ≃ Y \ Z sing and such that the strict transform Z ′ of Z is smooth and the restriction of π to Z ′ is a modification of Z. Such a π is called a strong resolution. Let J be the ideal sheaf on Y ′ generated by pullbacks of generators of J and consider the relative gap sheaf J ′ = J [π −1 Z sing ], which is coherent, cf. [24, Theorem 2] . In fact, one obtains J ′ by extending J so that one gets rid of all primary components corresponding to the exceptional divisor, and also possible embedded primary ideals in Z ′ ∩ π −1 Z sing . Thus J ′ is the smallest coherent sheaf of pure dimension n that contains J and such that O Y ′ /J ′ has support on Z ′ . We let X ′ denote the analytic space with structure sheaf O X ′ = O Y ′ /J ′ . Notice that we have the induced mapping
In fact, if φ ∈ J , then π * φ ∈J ⊂ J ′ so that p * in (9.1) is well-defined. We say that p : X ′ → X is a resolution of X. Notice that p * extends to map meromorphic functions on X to meromorphic functions on X ′ .
Lemma 9.1. Assume that φ ′ is meromorphic on X ′ and holomorphic on X ′ \ V . Then there is a unique meromorphic φ on X, holomorphic in X \ Z sing , such that φ ′ = p * φ.
Proof. Since π is proper it follows from Grauert's theorem that the direct image In view of (ii) thus φ ′ µ ′ is well-defined for φ ′ in O X ′ . It is not necessarily true that µ ′ is∂-closed. Let p 0 = π| Z ′ so that
Since π is a biholomorphism outside π −1 Z sing it follows however that∂µ = 0 there. In the literature such a µ ′ is often said to be a Coleff-Herrera current with poles at V ⊂ Z ′ . If h ′ is holomorphic and vanishes to enough order on
Proof. Recall that µ is pseudomeromorhic, cf. Section 7. By [9, Theorem 2.15] there is a current T in Y ′ such that π * T = µ. Since π is a biholomorphism outside π −1 Z sing the current T must be unique there, in particular it must have support on π −1 Z, and the SEP on Proof. There is a modification τ : V → Y such that α = τ * γ, where γ is semi-meromorphic. There is a modification V ′ → Y that factors over both V and Y ′ . Thus we get an almost semi-meromorphic α ′ in Y ′ such that π * α ′ = α. It follows that R ′ = α ′ µ ′ since this holds outside V , cf. (9.2), and both currents have the SEP, cf. (7.3).
10. Proof of Theorem 1.1 Lemma 10.1. Assume that Z is smooth and that L is a holomorphic differential operator on X that belongs to N X in Z \ W , where W has positive codimension. If Z(h) ⊃ W , then h r L is in N X for large enough r.
Proof. Recall that the sheaf N X locally can be considered as a coherent submodule of O ν Z for some large ν. If L is not in N X , then M ′ = J , L /N X is a coherent sheaf with support on W . By the Nullstellensatz h r M ′ = 0 for large enough r. Thus h r L ∈ N X for such r.
In a neighborhood U ⊂⊂ X of a given point x ∈ Z sing we have a coherent extension of N X , cf. Theorem 6.3, that we denote by N X as well. It is enough to prove Theorem 1.1 in U . Let L 1 , . . . , L m be generators for the N X in U , and let U ′ = π −1 U . Lemma 10.2. There are meromorphic differential operators L ′ j in X ′ ∩ U ′ with poles on
If h is a holomorphic in U , vanishes to high order on Z sing , and h ′ = π * h, then h ′ L j are in N X ′ .
Since Z ′ is smooth we have the well-defined O X ′ -module N X ′ of Noetherian operators on X ′ .
Proof. Given a holomorphic differential operator T on U there is a holomorphic differential operator T in U ′ = π −1 U with values in a power N ν Y ′ /Y of the relative canonical bundle, and a holomorphic section s of N Y ′ /Y , vanishing on π −1 Z sing , such that π * (T Φ) = s −ν T (π * Φ). See, e.g., the discussion preceding [9, Corollary 4.26]. Thus T ′ = s −ν T is a meromorphic differential operator such that π * (T Φ) = T ′ (π * Φ).
Let L j be differential operators in U that define L j and let L ′ j be meromorphic differential operators in π −1 U such that π * (L j Ψ) = L ′ j (π * Ψ). If Φ ′ is in J ′ then L ′ Φ ′ = 0 on Z ′ \ V and by continuity also on Z ′ . Thus L ′ j are Noetherian with respect to J ′ . Now let L ′ j be the induced Noetherian operators on X ′ . Since p is a biholomorphism of non-reduced spaces outside V it follows that L ′ j must belong to N X ′ there. If h vanishes enough on Z sing thus h ′ L ′ j and hence h ′ L ′ j are holomorphic. After possibly modifying h it follows from Lemma 10.1 that h ′ L ′ j are in N X ′ . Lemma 10.3. After possibly shrinking U ∋ x there is a holomorphic function H in U , not vanishing identically on Z, such that
Proof. Let N X ′ be the O Z ′ -module generated by the h ′ L ′ j . Then N X ′ ⊂ N X ′ with equality outside Z(h ′ ). Therefore N X ′ / N X ′ is annihilated by H ′ = π * H if H is a high power of h. That is, if T is in N X ′ , then H ′ T is in N X ′ and thus H ′ T is an O X ′ -linear combination of the h ′ L ′ j . Fix a point x ′ ∈ π −1 (x) ∩ Z ′ . Let T ℓ be a set of generators for N X ′ in a neighborhood V of x ′ . For any φ we have, with φ ′ = π * φ, and z ′ ∈ V,
On the other hand, if ν is large enough, |T ℓ ((H ′ ) ν φ ′ )| |H ′ T ℓ φ ′ | for each ℓ and hence |(H ′ ) ν φ ′ | X ′ |H ′ ||φ ′ | X ′ . Denoting H ν by H thus (10.1) holds for z ′ ∈ V. Since π −1 (x) is compact, (10.1) holds for all z ′ in an open neighborhood of π −1 (x). Hence the lemma follows.
Assume that φ j is a sequence as in Theorem 1.1 and let φ ′ j = p * φ j . It follows from Lemma 10.3, and Theorem 1.1 in case that Z is smooth, see, Section 8, that there is a holomorphic function ξ ′ on X ′ ∩ U ′ such that H ′ φ ′ j → ξ ′ uniformly in the | · | X ′ -norm. Notice that ξ ′ /H ′ is meromorphic on X ′ ∩ U ′ . By Lemma 9.1 there is a meromorphic ξ on X ∩ U such that ξ ′ = p * ξ. Define the meromorphic function φ = ξ/H on X ∩ U . Clearly p * φ = ξ ′ /H ′ so that (10.2) π * ((ξ ′ /H ′ )R ′ ) = φR outside Z(H) ∩ Z. However, both sides of (10.2) has the SEP with respect to Z so the equality holds in U . Since π * (φ ′ j R ′ ) = π * (p * φ j R ′ ) = φ j R we conclude from Lemma 10.4 that φ j R → φR. In view of Theorem 8.1 now Theorem 1.1 follows as in the smooth case in Section 8.
